LAWRENCE G. BROWN 2. For any irreducible representation, π, of A, π(p) Φ 0. 3. pAp is full.

pA is not contained in any proper closed two-sided ideal of A.
Ap is not contained in any proper closed two-sided ideal of A.
6. The norm-closed two-sided ideal of M(A) generated by p includes A.
p is not contained in any proper strictly closed two-sided ideal of M(A).
Proof. 1 => 2 is obvious. 2 => 3. If pAp is not full, there must be an irreducible representation π which vanishes on the two-sided ideal generated by pAp. 6 => 7. A is strictly dense in M(A). 7 => 1. The kernel of π is strictly closed. Thus if π(p) = 0 and p generates a strictly dense ideal, π and TΓ must be 0.
Thus π(p) π(A) π(p)
p will be called full if it satisfies the conditions of 1.1.
A hereditary subalgebra need not be a corner. Let A** be the Banach space double dual of A. A** is a W*-algebra, and any nondegenerate representation, π, of A extends uniquely to a TF*-representation, π**, of A**. The hereditary subalgebras of A correspond one-to-one to the open projections (see [2] ) of A**. The subalgebra corresponding to p is (pA**p) Π A, and p is open if and only if this is weak* dense in pA**p. LEMMA 
If B is the hereditary subalgebra of A corresponding to the open projection p, the following are equivalent:
1. For any nondegenerate representation, π, of A, π**(p) Φ 0.
For any irreducible representation, π, of A, π**(p) Φ 0. 3. B is full.
4. The norm-closed two-sided ideal of A** generated by p includes A.
p is not contained in any proper weak*-closed two-sided ideal of A**.
Proof. 1 => 2 is obvious. 2 => 3. If B is not full, some irreducible representation, π, STABLE ISOMORPHISM OF HEREDITARY SUBALGEBRAS OF C*-ALGEBRAS 337 vanishes on B. Since p is in the weak* closure of B and TΓ** is continuous from the weak* topology of A** to the weak operator topology, 7Γ**(p) = 0.
3 => 4. The ideal of 4 includes B. 4 => 5. A is weak* dense in A**. 5 ==> 1. If π**(p) = 0, 5 and the weak* continuity of TΓ** imply π** and π = 0.
If A and B are C*-algebras A ® min B denotes the completion of the algebraic tensor product with respect to the smallest C*-norm. If π and p are faithful representations of A and B, π (g) p is a faithful representation of A ® min B. The abbreviated symbol A (g) 1? will be used if all C* tensor products are known to agree. See [15] and its references for further details on tensor products. denotes the algebra of bounded operators on the Hubert space and 3ίΓ(έ%f) the ideal of compact operators. The abbreviated symbols £f and JίΓ may be used if έ%f is separable and infinitedimensional. C*-algebras A and B are called stably isomorphic if A (x) 3ίΓ and B (x) 3ίΓ are isomorphic. A is stable if A and A ® ^â re isomorphic. A positive element e of a C*-algebra A is called strictly positive if 0(e) > 0 for every state φ of A. Two equivalent conditions are that Ae be norm dense in A and that β not be contained in any proper hereditary C*-subalgebra of A. A has a strictly positive element if and only if A has a countable approximate identity, and this is always so if A is separable. (See [1] .) A, the spectrum of A, denotes the set of equivalence classes of irreducible representations of A with the hull-kernel topology. ( [10] ).
A continuous field of Hubert spaces E, on a topological space X is given by ({E x }, Γ) , where E x is a Hubert space for each xeX and Γ is a space of functions φ on X such that φ(x) e E x and certain axioms are satisfied. See [12] for the precise definition and further details. The strong grassmanian, &, is the set of projections in £f with the strong operator topology. A continuous function, /: X-*S?, give rise to a continuous field which is a complimented subfield of the countable rank trivial field. f γ and / 2 give rise to isomorphic fields if and only if there is a (double-) strongly continuous function u\X-> £? such that u*(x)'u(x) = fι(x) and u(x) u*(x) =/ 2 (#) for all xeX.
If A is a separable C*-algebra, Ext (A) is the set of equivalence classes of *-monomorphisms τ: A -* J*f/J?tl Ext (A) has a natural semigroup structure and is known to be a group in many cases. A *-monomorphism θ: A -> B induces a homomorphism #*: Ext (2?) -> Ext (A) by τ->τo θ. 1 Ext (A) ^ Ext (A (g) 3Γ) and hence Ext (A) Ê xt (B) whenever A and B are stably isomorphic. For further details see [6] , [5] , [17] , [9] . 
of M(A(g)SΓ).
In fact, since finite sums Σ&i*® β i* are dense in A0^~and since with u n = Σ*P α <® β <i» \\ u n\\ = l(u%u n = Σ* α *P α i® e π)> it is sufficient to show that u n (b®e jk ) and (δ (x) e^)ĉ onverge for all be A and all ;?, &. The second is obvious since (δ (x) e ifc ) (pαi (x) O = 0 for i Φ k. For the first, note that 
If B is a full hereditary C*-subalgebra of A and if each of A and B has a strictly positive element, then B is stably isomorphic to A. There is a canonical set of isomorphisms from B (x) J3Γ to A® S%Γ which agree up to automorphisms of A® ,5Γ induced by unitary elements of M(A (
Proof. Let C be the C*-subalgebra of A (x) M 2 consisting of sums Σ^ (8) ^i such that a n eB, a 12 eB-A, a 21 eA B, and a 22 eA. Here, M 2 is the algebra of 2 x 2 complex matrices and {e iό : i, j = 1, 2} is a system of matrix units. B is isomorphic to the full corner J5(x) e n of C, and A is isomorphic to the full corner A(x)e 22 . Moreover if f λ and / 2 are strictly positive elements of B and A, then/^^ Λ-f 2 ®e 22 is a strictly positive element of C. Thus 2.6 implies that A and B are stably isomorphic.
The isomorphism from B (x) 3ίΓ to A 0 5f is induced by a partial isometry v eM(C(x) <SίΓ). v can be replaced only by uv where u is a partial isometry whose initial and final projections are 1 (x) e 22 0 
There is a G*-algebra C with a strictly positive element such that each of A and B is isomorphic to a full corner of C.
3
. There is a C*-algebra C such that each of A and B is isomorphic to a full hereditary subalgebra of C.
The "meaning" of the second sentence is clarified in [7] .
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Proof. 1 => 2. Take C = A (x) 3fT. A is isomorphic to the full corner A (g) e u of C. i? is isomorphic to the full corner B (g) e u of B®St~, which is isomorphic to C. Proof. Let C be the C*-algebra constructed in the proof of 2.8, and define j\: B-+C and j 2 : A ->C by j\(6) = b (x) e n and j a (α) = α(x) e 22 . By 2.7 if and i 2 * are isomorphisms. Thus it is sufficient to prove U\°i)* is an isomorphism, and for this it is sufficient to show (3*°i)* = 3Ϊ But j\ and j 2 oi both have images contained in J3 (x) M 2 c:C. If k x and k 2 are the corresponding maps from B to B(g)M 2 , it is sufficient to show k* = k 29 and this follows directly from [6, 3.11] .
It is interesting to look for invariants under stable isomorphism. Among the obvious ones are separability, existence of a strictly positive element, existence of a faithful state, the spectrum, Ext, being of continuous trace, the element of H\A, Z) corresponding to a continuous trace algebra A, and being of generalized continuous trace ( [10, 4.7.12] ). One noninvariant property that comes immediately to mind is the existence of (enough) finite-diminsional representations. This suggests that one attempts to determine which C*-algebras are stably isomorphic to algebras with finite-dimensional representations. For the remainder of this section we assume for simplicity that all C*-algebras considered are separable.
Let FD be the class of C*-algebras all of whose irreducible representations are finite dimensional, BD n the class of whose irreducible representations have dimension <^ n, and BD -\Jn=i BD n . The basic method for using our theorem to prove that A is stably isomorphic to an algebra in FD, for example, is to find an eei such that π(e) is nonzero and of finite rank for each irreducible representation π. 1. The purpose of 2.11(e) (which is trivial for n Φ 3) is to improve the counterexample in 6.28 of [5] . The algebra there could be taken in BD 2 .
2. It follows from [11] that any algebra in FD is of generalized continuous trace. P. Green has recently proved, by combining the technique of 2.11 with a result on the topology of the spectrum of a generalized continuous trace algebra, that every (separable) generalized continuous trace algebra is stably isomorphic to an element of FD.
3. It is not hard to prove, using [12] and a result of Serre that a continuous trace algebra A, is stably isomorphic to a C*-algebra with unit if and only if A is compact and the corresponding element of H\A, Z) is torsion. The same problem for general C*-algebras appear to be difficult. 3* Relations with other subjects* This paper was motivated by [6, §3] . The stable isomorphisms found there between a separable C* -algebra A and a subalgebra B can be put into the following abstract context: A = C (x) JίΓ and B is the full corner defined by a projection p e M(C (x) 3ίΓ) such that p commutes with C®1.
In this case p arises from a continuous function from C to ^ and hence defines a continuous field of Hubert spaces, E, over C. [12, Cor. 3, p. 260] implies that E 0 E 0 is trivial, which implies the stable isomorphism. It is now clear that the hypothesis that p commute with C ®1 is unnecessary for the stable isomorphism (though it is necessary for the purposes of [6, §4] ). On the other hand, the application of the result of [12] gives a stronger conclusion than our results in this context. The extra strength is in the fact that the partial isometry v of 2.5 also commutes with C (x) 1 c
M(A (x) 3ίΓ). Note, though, that this would be automatic if C is commutative, since then C(x)l(x)l is central in M(C® JsΓ ® J?t~).
The upshot of this is that there is significant overlap between our results and a portion of [12] but neither implies the other.
In general, there is a fairly good analogy between our results and [12] . In order to elaborate this, we state explicitly two results of [12] The hypotheses that E be separable and X paracompact are analogous to existence of a strictly positive element. The hypothesis that E X ΦQ for each x is analogous to fullness. A corner is analogous to a complemented subfield, and a hereditary C*-subalgebra is analogous to an arbitrary subfield. (If X is locally compact Hausdorίf this is more than just an analogy.) Thus our main theorem is analogous to II. It may seem that we are dealing only with the special case of II where E is known a priori to be a subfield of a trivial field, but actually this is no restriction because of the level of abstractness. If E and E' are two fields over X such that E x Φθ and E X ΦO for all xeX, then we may form E@E'.
If A, A!, and Care the corresponding C*-algebras (change the word "corresponding" to "analogous" if X is not locally compact Hausdorff), then A and A! are full corners of C and the relationship is the same as that between A, B, and C in the proof of 2.8 (except that there is no inclusion relation between A and A'). Thus 2.8 and indeed 2.6 is an adequate analogue of II. We also see that given two C*-algebras A and A!', the formation of a C*-algebra C like that of 2.8 is analogous to the formation of the direct sum of two fields. The existence of such a C is analogous to the fact of two fields having homeomorphic base spaces. C may not be unique. (Note that one needs to chopse a specific homeomorphism between the base spaces before one can form the direct sum of fields with different base spaces.)
It seems appropriate to ask, "Under what conditions is it possible to construct a C*-algebra C having two given C*-algebras A and A' as "opposite" full corners?" One answer to this question is provided by the concept of Morita equivalence. See [7] for details.
Thus far our analogy has not mentioned I. Although I was used in the proof of II in [12] , we note that I follows from II in the special case where E x Φ 0 for all x. To formulate an analogue of I in general, we assume B is a hereditary C*-subalgebra of A and define a C*-algebra Da A® ^Γ as follows: B is a corner of D defined by the projection p which may be symbolized by 1 (x) e n (where "1" is the identity of M(B)). A (x) J%^ can be identified with the opposite corner, which is defined by 1 -p = ΣΓ 1 (x) e j3 (where "1" is the identity of M{A)). 
Sketch of proof.
Let e be a strictly positive element of B. Then u can be defined by the infinite matrix:
Before proceeding further, we prove some things needed to justify some of the above remarks. Let A and B be C*-algebras, and let λ: J3->£f(Sif) be a faithful representation. If π is any STABLE ISOMORPHISM OF HEREDITARY SUBALGEBRAS OF C*-ALGEBRAS 345 irreducible representation of A, then π (x) λ is a representation of A ®min B. The direct sum of π (g) λ for all π e A is faithful, since it is (Σ? e j π) (g) λ. Thus if /: A -* I?, and α e A, there can be at most one ceA® min # such that (π(R)λ) (c) = (π(x)λ)(α(x)/(π)) for all πe A. This c (if it exists) will be devoted α(x)/. It is easily seen that the existence and identity of a (x) / is independent of the choice of λ. Proof. Assume α ® / exists for all a. The closed graph theorem implies that the linear map a~+a(x)f is bounded and hence that / is bounded. To any state ψ on A corresponds a linear contraction Rψ: A® min i3 ->B such that Rψ(a®b) = ψ(a) b [16] . If π is a representation of A and Θ a cyclic vector such that ψ(a) ~ (π(a)θ, θ) for all aeA, then Rψ can be constructed by identifying λo.fijŵ ith the compression of π (x) λ to C# (x) <^ί If f is a pure state, Rψia® f) = ψ{a)f{π). Also the assignment ψ->Rψ is continuous from the weak* topology to the strong operator topology. Now if a net {π a } converges to π in A, choose a state ψ defining π and an aeA such that ψr(α) ^ 0. Then by passing to a subnet if necessary, we can choose states ψ a defining π a such that ψcc-+ψ weak* ( [10, 3.4.11] ). Thus R Ψa (a (x) /) = ψ a (a)f(π a ) -* ψ(a)f(π) = Rψ(a ® /), and hence f(π a )-+f(π). Therefore / is continuous. Now assume / is bounded and continuous, aeA, and further that ||α|| = H/IU = 1. For each n = 1, 2, let iΓ n = {7reA: ||τr(α)|| ^ 1/^} and let L % be the closed convex hull of f(K n ). L n is compact since K n is. By the Dugundji extension theorem ( [13] ) there is a continuous retraction r n : B~+L n . Let {£/"<} be a finite open cover of L n consisting of sets of diameter less than 1/n, and let {^J be a partition of unity for L n subordinate to {Z7J. Choose b t e L w Π ί/f or each i and define g n : Ά-+B by g n (π) = Σ (φ i o r n of(π))'b i . Then a® g n exists, since it is Σ (^or w © f)a(x) δ iβ Here we are using the Dauns-Hofmann theorem (see [14] and references), which implies that for any bounded continuous scalar valued function h on A there is an element ha of A such that π(ha) = h(π)π(a) for all π e A. In this case h = φ t°rn of. If π e K n , then | | flr»(ττ) -/(π)|| < 1/w. Thus for all 7Γ 6 A11 (π (g) λ)(α ® g n ) -(π 0 λ)(α (g) /(TΓ)) 11 < 2/n. It follows that {α (x) ^f % } is a Cauchy sequence and its limit fulfils the definition of ( It is known that the topological product A x B is homeomorphically identified with a dense subset of (A ® min 2?)^. A byproduct of 3.3 is that these spaces have the same Stone-Cech compactification. Conversely, assume / α ->/ strictly. For any compact K there exists 0 ^ e e B such that 11 p(e) \ | ^ 1 for p e K. (This is an easy argument using the lower semi-continuity of \\p(e)\\.) Then f a e->fe clearly implies that f a -•>/ uniformly on K.
Now an elementary point-set topological argument completes the proof of 3.4. We need the local (quasi-) compactness of B, but the fact that B may not be Hausdorff causes no difficulty.
We now return to the case where A = C (g) 5Z~ and p is a projection in M(A) which commutes with C(x)l. In [6, §4] similar hypotheses were used to construct an endomorphism m p of Ext (C). m p is constructed by following the natural map Ext (C) ==, Ext (C (x) ^") with the map ζ*: Ext (A) •-Ext (C), where ζ:C-^A is defined by ζ(c) = (c(g)l) p. In order for this to make sense, we need (c ® l)p to be in A for all ceC. According to 3.2 and the proof of 3.3 this happens precisely when the map P:C->g? which defines p satisfies:
1. P(π) is finite rank for all π e C. 2. P is norm-continuous. m Pl will equal m P2 if there is a partial isometry u e M(A) such that u commutes with C (g) 1, u*u -p v and uu* = p 2 -Thus we are dealing with a class of ordinary vector bundles over C. The bundles which arise are precisely the pull-backs of bundles over the complete regularization of C. Note that none of the results of §2 are needed to define m p .
